ON AMITSUR’S COMPLEX(*)

BY
ALEX ROSENBERG AND DANIEL ZELINSKY

1. Introduction. Given a commutative ring C and a commutative C-
algebra F, Amitsur [3] introduced the following complex: Let

F¥ = FQcF®c - - - ®cF (k factors)

and F** the group of units of F*. Define ring homomorphismse; (=1, - - -, k+1)
of F¥ to F*1 by(??) &(i® - - - ®ft) =fi® + - - Bfia®1®f;s - - - ®fk and
define a multiplicative homomorphism Ay: F¥* — FE+D* by Ay(x)
=€ (x)(e(x))"! - - - (&41(x))*L Then the groups F** and mappings A; form
the Amitsur complex; the kth homology group Ker Aiyi/Im A we denote
by H*(F).

In case F is a finite dimensional extension field, Amitsur showed that
H?(F) is isomorphic to the Brauer group of central simple C-algebras split
by F. He also showed that in case F is a normal separable extension, H*(F)
is isomorphic to H"*(G, F*) the nth cohomology group of the Galois group
G of F over C with coefficients in the group of nonzero elements of F.

In this paper, we extend and simplify Amitsur’s results. We begin by
showing (§2) that in case F is a separable field extension of C, H"(F)
=~H~([G: H], K*), where K is a normal closure of F with Galois group G, H
is the subgroup corresponding to F, and the cohomology group on the right side
is the relative cohomology group as introduced in [1]. Next, we study H*(F)
when C is not necessarily a field but when #»=2. In §3, under weak hypotheses
on F, we exhibit a homomorphism of H2(F) to the (generalized) Brauer group
of central separable algebra classes split by F [5]. This homomorphism is an
isomorphism under stronger hypotheses on F and C. These hypotheses are
slightly weaker than assuming all projective C, F, and F? modules are free
and include the cases (1°) C is semilocal (not necessarily Noetherian) and
Fis a C-algebra which is a-finitely generated projective C-module containing
C-1 as a direct summand and (2°) C=K|[x], F=L][x], with K a field and
L a finite dimensional commutative K-algebra.

Hochschild in [13] has given a description of the Brauer group in case F
is a purely inseparable extension field of C of exponent 1. In [3, §7], Amitsur
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tried to show that in this case H2(F) is isomorphic to the group given in [13].
However (see §4), his proof contains two irreparable errors. By different
methods, we exhibit an isomorphism of H*(F) to the group introduced by
Hochschild.

Finally (§5), we apply our methods to get an alternate proof of a theorem
of Auslander and Goldman [5]: the natural mapping of the full Brauer
group of K[x] into the full Brauer group of the field K (induced by setting
x=0) is a monomorphism if and only if K is perfect.

2. Separable field extensions. Let C be a field, F an extension field of
finite degree over C. We pick a fixed normal(%) closure, K, of F over C and
denote by ®, the set of all n-tuples ¢ = (1, @2, - - * , da) of C-algebra mono-
morphisms of F into K. Furthermore, we let G be the group of all automor-
phisms of K over C. Since for any g in G the composite g¢; will be a mono-
morphism of F to K whenever ¢, is, we define an operation of G on ®, by

g(¢l;r¢2, Tty ¢n) = (g¢b gds2 ¢ -, g¢")'

Next, we define a pairing of F* with ®, to K, namely a function p on F*»X®,
to K, C-linear in its first variable and satisfying

p@a®a: - Q an (¢1, b2, = - -, dn)) = d1(a)d2(a2) - - - Pnlan).

For fixed ¢ in ®, and fixed x in F*, respectively, let p4 and p. denote the par-
tial maps of F* to K and ®, to K defined by p4(x) = p(x, ¢) and p.(¢) = p(x, ¢).
Then p, is homogeneous in the sense that

(2.1) 2:(g¢) = gp=(9) for all ¢ in &,, all g in G,

and py is actually a C-algebra homomorphism of F" into K. Since K is a
field finite over C, Ker p, is a maximal ideal in F=.

LeEMMA 2.1. For every maximal ideal M in F*, there is a ¢ &P, such that
M =Xer py. Two elements ¢ and ¢’ in ®, are such that Ker py=Ker py if and
only if ¢ =g’ for some g in G.

Proof. There are n embeddings o; of F into F* given by ¢;(a)=1® - - -
®1®a®1 - - - ®1 (a in the ith spot, =1, - - -, n). If M is any maximal
ideal in F» then F*/M is a field generated by the z-isomorphic images
woi(F) of F, where m is the natural homomorphism F*—F*/M. Thus any
embedding oi Fr/M into the algebraic closure of K will automatically fall
into K. Hence there is a monomorphism 8 of F*/M into K. If we let ¢ be the
n-tuple (fwoy, - « -, Bwo,) then 6 and py coincide on each a;(F) and so coin-
cide on all of Fr. Thus M =Ker 0r=Ker ps.

If Ker p,=Ker p4 then there is an isomorphism go of Im p, onto Im py
such that p, is the composite gops. Extending go to an automorphism g of K,
[19, p. 75] we have, for every x in F,

(%) Normal is used here in the sense of [19], i.e., we do not asume that K is separable over C.
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p(x, ¢') = gp(x, ¢) = p(x, g¢).

Setting x=a.~(a), ¢=(¢1’ ] ¢n)r ¢'=(¢1,1 ] ¢n/)1 we see that ¢n, (a)
=g¢i(a) for all 7 and all @ in F, and so ¢! =g¢.:, ¢’ =g¢. The reverse implica-
tion is clear.

Let R, be the ring of all mappings f: ®,—K satisfying f(g¢) =gf(¢) for all
gin G and all ¢ in ®,.. Then p,is in R, for any x in F7. Our next lemma asserts
that the p, range over R, with no repetition if F is separable over C, so that
p is a “dual” pairing in a certain sense.

LEMMA 2.2. The mapping x—p. of F* into R, is a C-algebra homomorphism
whose kernel is the radical of F*. If F is separable over C, this mapping is an
isomorphism.

Proof. The condition p,=0 is equivalent to p(x, ¢)=0 for all ¢, i.e.,
xENKer py. By Lemma 2.1, this means that x is in the intersection of all the
maximal ideals of F».

If F is separable over C then F* is semisimple and x—p, is a monomor-
phism. Now if fER, then we proceed to construct x in F* with f=p,: for
fixed ¢=(¢1, - - -, @n), P(F", ¢) is clearly the subfield L =]]; :(F) of K.
But f(¢) is also in L; for if we choose g to be any automorphism of K over
L then g¢.(a) =¢i(a) for all @ in F, hence g¢ =¢ and gf(¢) =f(gp) =f(¢); thus
f(¢) is left fixed by all the automorphisms of K over L so f(¢) is in L. There-
fore we conclude that for each ¢ there exists an element x(¢) © F* such that
f(@) =p(x(¢), ¢). To produce a single x with f=p,, we must find an x so that
x=x(¢) (mod Ker p,) for every ¢. Since the Ker p4 are maximal ideals (not

"necessarily distinct), the Chinese Remainder Theorem asserts that these con-
gruences are solvable provided x(¢) =x(¢’) (mod Ker p4) whenever Ker p,
=Ker p, . But this consistency condition is verified because, by Lemma 2.1,
¢’ =g¢ and so

p(x(e), ¢') = p(x(9), ¢) = gp(x(), d) = gf(d) = f(gd) = f(¢) = p(x(¢"), ¢)

so that x(¢) —x(¢’) EKer p4. This proves Lemma 2.2.
In [1], Adamson defined the following cochain complex(®):

Cn—! = the set of f in R, such that f(¢) # 0 for all ¢

= the multiplicative group of units in R,,

8: Cm'—Cr is defined by 8f(¢) = [1/(®1, - - =, i - - =, $a)) D, where,
as usual, the circumflex means omission. Comparing with Amitsur’s complex,
we clearly have for every x in F»

() If H is the subgroup of G leaving F elementwise fixed, the elements of Adamson’s 1
are functions of n-tuples of left cosets in G/H. But there is a one-to-one correspondence between
left cosets in G/H and monomorphisms of F into K.
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peix, (b1, b2, -+ + 5 Snt1)) = P(%, (1, 2, =+ +, iy * + +, but))
and p,E C* ! whenever x& F**. This implies

p(Anx; (d’l; ] ¢n+l)) = 8P2(¢1; Tty ¢n+1)

so that x—p, sends F** into C*! and is a homomorphism of complexes. If
Fis separable over C, Lemma 2.2 shows that x—p, is actually an isomorphism
of complexes.

The cohomology groups of Adamson’s complex {C"‘l, 8} are called the
relative cohomology groups(®) of G modulo H with coefficients in K*, and
are written H*([G: H], K*). In [1], it is also shown that if F is separable and
normal over C then H"([G: H], K*)=H"(G, F*), the usual cohomology
group of G with coefficients in F*. Thus we sum up our results in

THEOREM 1. Let C be a field and F an extension field of finite degree over C.
Then there is a homomorphism of the Amitsur complex of F into the Adamson
complex of F over C inducing a homomorphism of H*(F) into H*([G: H], K*).
If F is separable over C these homomorphisms are isomorphisms. In particular,
if F is normal and separable over C then H*(F) is isomorphic to H(G, F*).

REMARK. By [8, Satz 7] and [1, Theorem 9.2], for general separable fields
F, H*(F) has now been proved to be isomorphic to the Brauer group of cen-
tral simple C-algebras split by F.

The result of Theorem 1 in the case when F is normal separable is obtained
in [3, Theorem 6.1] by more complicated computations. It is worth noting
that in this case the mapping x—p, is just an isomorphism of the Amitsur,
complex {F**} with the homogeneous cochain complex used to define the
cohomology groups of G in [11].

3. The Brauer group. Let C be any commutative ring with unit. We say
a C-algebra is split if it is isomorphic to End¢(V) (%) for some finitely gener-
ated faithful projective C-module V. If F is a commutative C-algebra a C-
algebra A is said to be split by F if the F-algebra A @ F is split.

LEMMA 3.1. Let F be a commutative C-algebra which is a flat C-module(”) and
such that the mapping c—c-1 of C to F is a split monomorphism(®). Then

(a) if B is a C-algebra then B is central separable(®) if and only if BQF is
a central separable F-algebra,

(b) every C-algebra split by F is central separable.

() We shall use the notation Endr(M) for the R-endomorphism ring of an R-module M,
i. e. Endg(M) =Homg(M, M).

(" Le., whenever X—Y is a monomorphism of C-modules, then so is X@ F»YQ®F (cf.
[9, p. 122]).

(® Le., there is a C-module mapping ¢: F—C such that ¢(c-1) =¢ for c& C.

(°) B is central if the center of B is C-1 and is isomorphic to C. As in [5], B is separable,
if B is projective as a B ®B-module, where B° is the opposite algebra of B. When C is a field
“central separable” is equivalent to “central simple and finite dimensional.”
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Proof. Since a split F-algebra is a central separable F-algebra [5, Proposi-
tion 5.1], the second statement will follow from the first. Now, if B is separa-
ble, B is a direct summand in a free B® B%module. Tensoring with F, we
have BQF projective as a module over BB*Q F=(B®F) @ r(B®F)?, so
BQF is a separable F-algebra. For the converse, we use another definition of
projectivity of the B®B°module B: every epimorphism of B ® B°-modules
X—B splits. If a: X—B is an epimorphism then a®1: X@ F>BQ®F is also
an epimorphism of B®B°® F-modules which splits because B® F is projec-
tive, giving a mapping 8: BQ F»X ® F with (¢ ®1)p the identity. By hypoth-
esis if 4: C—F is defined by #(c)=c-1, we have a mapping ¢: F—C with
¢i=the identity. Consider the induced mappings 1®:: B=B® C—BQ®F and
1¢: X®@F—-X ®C=X. The composite (1®$)8(1 ®1) is the required split-
ting mapping B — X, since a[(1 ® $)8(1 ® 1)] = (1 ® ¢)(a ® 1)8(1 @ 4)
=(1Q ¢) (1 ® 1) =the identity.

To prove B®F is central if and only if B is, notice that the center of B
is Endpes(B) and the center of B ® F is Endsermererm(B ® F)
=Endeser(B® F)=Endpep(B) ® F, by the assertion “¢; is an isomor-
phism” in [9, p. 210]. In fact, we have shown that if B is separable, the
center of BQF is the tensor product of F with the center of B.

The full Brauer group ®(C) is defined following [5, §5; 7, p. 132]: the
elements are equivalence classes of central separable C-algebras under the
equivalence relation: A~B if and only if A @ E=2BQ®E' for some split alge-
bras E, E’. The group operation is induced by tensor product. For the proof
that this gives a group whose identity element is exactly the class of split
algebras, see [5, Theorem 5, Proposition 5.3]. We shall be concerned primar-
ily with the Brauer group of F over C denoted ®(F/C) and defined as the sub-
group of ®(C) consisting of those equivalence classes which consist of algebras
split by F(). To verify that this is indeed a subgroup, we note first that if
A and B are C-algebras split by F, so is 4 ® B, since (4 ® B) ® F
=~(AQ®F)®r(B®F) which is split because it is the tensor product of split
algebras; and the opposite A% is split by F because 4°® F=2(4 ® F)°® which
is also split [5, Proposition 5,1, 5.3 and Corollary 5.4].

The algebras we study are primarily algebras of endomorphisms of F?
and F3. However, particularly in the proof of Theorem 3, we meet more gen-
eral representations on V®F and V® F? where V is a C-module not neces-
sarily F. To study these we must introduce some notations.

If x€ F*» we use L(x) for the endomorphism of F* produced by multiplica-
tion by x. We shall also use the notation L(1®x) for the operator 1®L(x) on
V® Fr (so that when V=F the two L-notations will coincide).

We extend the €'s to mappings on End¢(V ® F*) as follows: By the com-
mutativity and associativity of the tensor product, we have isomorphisms
7 VQF*—V@F* (i=2, -+, n+1) induced by the cyclic permutation

(19) Using [5, Propositions 5.1 and 5.3] it can easily be verified that if one algebra in a class
is split by F then all algebras in that class are split by F.
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(3, - - -, m+1) that puts the final F in the sth place (counting the first place
as occupied by V):

T ®fr Qfur) =002 Q - fic1 ®fut1 Qfi @ fixr1*+ + ® fa.
To each e in End¢(V ® F*~1) corresponds the endomorphism e®1 of
VRF'@F=VQF"
which in turn is carried by ; to(®)
3.1) nie = mi(e @ )it G=2---,n+1).

Thus %; is a C-algebra homomorphism of Ende(V ® F*~?) into Ende(V @ F*)
fors=2, .-, n+1.

More explicitly, n;¢ is the endomorphism of V® F* such that, for all
vEV and f;CF,

ne) (v ®f2 @ - -+ @ fay1)
=IL1® ®fi® - - QDe[er®f: Q@ - ®F:® -+ @ far1)]

where €/ (¢>1) is defined on V@ F»~! by inserting 1 in the ith place.
Analogously, we define 7,: End¢(F*)—>Endc¢(V® F*) by me=1®e, or

3.2) (me)(» ® x) = v @ e(x) forve V,x &€ Fn.

In short, 7:e is the identity on the sth factor of VQF'=VQFQ® - - - @F
and acts on the other factors the way e does.

Note that mL(F*)=L(1®F") is the set of scalar operators on the F*-
module V@ Fn.

The principal property of these n's (both when V'=F and in general) is
the set of relations among composites (as for face operators in a semisimpli-
cial complex)

(3.3) nam; = njpms fori <.

These same identities hold for the €'s in the Amitsur complex and in fact
are the reasons that it is a complex, i.e., that A,A, 1 =1.
From the definition, it is clear that if V=F

(3.4) n;L(x) = L(é,;x), x & Fn,

We denote by E.,; the centralizer Endigm(V®F*) of mL(F*) in
End¢(V®F#). In particular, E;=End¢(V). Again from the definition of 7,
it is clear that

(35) ﬂiEnCEn-H, i=2,~--,n+1.

In the rest of this section, we assume that V and F are finitely generated
faithful projective C-modules and that the unit mapping(®) C—F is a split
monomorphism. If we assume only that F is a finitely generated projective
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C-module and that the unit mapping is a monomorphism then it automati-

cally splits (and F is a faithful C-module). This can be seen by replacing

[9, VII, Example 11] by [9, VI, Example 11] in the proof of [4, Lemma 4.7].
We draw four consequences of these hypotheses:

(3.6) Each n; is a monomorphism

because 7,6=0 in (3.1) implies e®1=0; but the projection F—C, which
results from the splitting of the unit mapping, will map Im(e®1) onto Im e.
Hence e=0. '

For every subset S= {i, 7, Ry } of {1, 2, -, n}, arranged so that
1>j>k > - - -, define the “shuffle” ns as the composite g - - - . If m
is the number of elements in S and 1 &S then by (3.5) 9s carries E,_,, into
E,. If 1€S, then 755 is defined on End¢(F*™) and, in particular, will carry
L(F») into E,.

LeEMMA 3.2. Let S and T be complementary subsets of {1, 2, -, n} and
let V\ET. Then the mapping E,_n® F*—E, defined by e @ x— (nge) (nrL(x)) is
an isomorphism of C-algebras. In particular, E,= (nsEn_n)nrL(F™).

Proof. In [9, XI, p. 205], a natural mapping ¢;: Homa(4, B)
®Homr(4’, B')—>Homgr(4 ®A4’, B®B’) is defined, where A and T are
C-algebras, A and B are left A-modules, and 4’ and B’ are left T-modules.
If 4 and A’ are finitely generated projective modules ¢; is an isomorphism
[9, p. 210]. Taking A=1QF*™) I'=F» A=B=VQF1, A'=B'=T,
we have an isomorphism E,_,,® F*—E,, which is exactly the mapping de-

scribed in the lemma for T= {1, 2, e, n—m}. For any other subset of
{1, 2, -, n}, we need only permute the factors F in the preceding iso-
morphism.

We shall say that two subalgebras 4 and B of a C-algebra E are in tensor
product relation if ab="ba for every a in 4, b in B, and if the natural C-algebra
homomorphism @ ®b—ab is an isomorphism of 4 ® B onto ABCE.

COROLLARY 3.3. With notations as in Lemma 3.2, if A is a C-subalgebra of
NSEn_m, then A and nrL(F™) are in tensor product relation.

Proof. The natural mapping 4 @ qrL(F™)—E, defined by x® y—xy can
be factored 4 ® 9y L(F™)—nsE,._n®nrL(F™)—E,, where the mapping on the
left is a monomorphism, since the C-module nrL(F™)=2F=™ is flat, and the
mapping on the right is an isomorphism, by the lemma and (3.6).

Another important property of the 5’s is that they can spread algebras out
when embedding them in E, so that they commute:

LEMMA 3.4. Let ACHE,, i>1, and BCn End._ g-1(F*). Then A and B
commute elementwise.

Proof. By Lemma 3.2 with S={2, - - -, n} and T= {1}, E,~E,® F~
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so that every element of 7;4 is a sum of elements of the form eQL(f;)® - - -
QL(fic) Q1QL(f)® - - - ®L(fs) where eE E,, fi€ F, 1 denotes the identity
map and ® denotes the tensor product of mappings on VQFQ® - - - QF.
By a similar argument, the elements of #,B can be written as sums of prod-
ucts of the form 1QL(f/)® - - - QL(fi-)®e’'QL(f!)® - - - ®L(f) with
¢’ €End¢(F). But these two products clearly commute.

Amitsur, in part inspired by the work of 1. Schur and R. Brauer, associ-
ated cocycles of F** to central simple C-algebras somewhat as follows: let C
be a field, 4 a central simple C-algebra split by an extension field F so that
A ® F=Endp(W). This W can be written as V®F with V a C-space. Thus
A is mapped into E;=Endigr(V®F). Composing this mapping with
72, 13: Ea—E;, one obtains two mappings of 4 into E;. By judicious applica-
tion of a generalized Skolem-Noether theorem, these can be shown to be
carried into each other by an inner automorphism of E;. This automorphism
is generated by an element P which must satisfy a kind of cocycle identity:
(14P) (2P) (s P~1) =9 L(t) = L(&st) for some ¢ in F*. Amitsur showed that the
correspondence A—t induces an isomorphism ®(F/C)—H?(F).

This program can be extended to the case of certain rings C and F but
with comparatively strong hypotheses (see the epimorphism proof in Theo-
rem 3). Therefore we prefer to treat the inverse mapping, which requires
only the hypotheses we have already imposed on C and F and associates to a
cocycle t in F** a central separable algebra with a particularly good repre-
sentation (Lemma 3.5). Thus we obtain a homomorphism H*(F)—®(F/C)
and reserve the stronger hypotheses for the proof that this is an isomorphism.

Let P be an invertible element in E;=End,;gm»(V Q® F?) and define

(3.7) A(P) = {a € E; = Endigr (V ® F)| P(n20) P! = na}.
When V=F and P=L(t) for some tE F**, we write A(¢) for A(L(¢)):
(3.7) A(f) = {a € Endigr (F?) | L(t)(n20) L(£)™! = na}.

LeEMMA 3.5. If t& F** then A(t) contains L(F®1) as a maximal commuta-
tive subalgebra.

Proof. That L(F®1)=7,L(F) CA(¢) follows directly from the commuta-
tivity of L(F?) and (3.3). If a€A(t) and a commutes with L(F®1) then a
commutes with L(F®1)L(1® F) =L(F?) so that a is of the form L(s) with
s= Y f;®f! €F®F. The defining identity for A(f) then implies 756 =1n:a, or
S fi®fl ®1=2.f:®1Qf!. Applying the contraction f; ®f:Qfs—f1f:®fs of
F* to F? we have ) fif! ®1= D f,.®f! so that sS€F®1, aEL(F®1).

LeMMA 3.6. A(P) and mL(F)=L(1Q®F) are in tensor product relation in E,.

Proof. Since ;L (F) is in the center of E,, it commutes with 4 (P) and we
have a homomorphism A4(P)® F—A(P)(mL(F)). We must show that if
> amL(f;) =0 with a;EA(P), f;E€F, then .a;®f;=0in A(P)® F. We have



1960] AN AMITSUR'S COMPLEX 335

0 = P(o[ X e L(F)D P = 2 (mag)nemL(f:)

since a;EA(P) and P commutes with 9o L(F). But 734 (P) Cn:E; and n:E.
and 7.mL(F) are in tensor product relation (Corollary 3.3) and so

Z(ﬂsas‘) ®n:mL(f:) =0.

Since 7; and the mapping fi—9.mL(f;) are monomorphisms and F is C-flat,
> 6:®f;=0in E;®F, and hence also in 4(P)®F.

LemMa 3.7. A(P)mL(F) =E, if and only if (94P)(:P)(nsP)~*=mL(u) for
some u& F3*. This u is necessarily a cocycle, i.e., Asu=1. In particular, if t is a
cocycle in F**, A(t)mL(F)=Endigr(F?).

Proof. First suppose A(P)mL(F)=E, Apply the three embeddings

72, M3, M of E; into E4 to the defining equation for A (P) and obtain for all @
in A(P),

(n:P) (nm2a) (n:P)™' = ninsa, i=23,4.

Using (3.3), specifically 7am2=m3m2, 7203 ="n412, MsM3 =115, We see that con-
jugating by (9:P)~?, then by 7.P, then by 7P carries namsa successively to
73128, tO N4M2a, to nensa. Thus Q= (74P) (n2P) (n:P)~! commutes with nuns4 (P).
By (3.5), QEE,, so that Q commutes with

13 A(P)-mL(F?) = (nsA(P))(LA®F®1®1))(L(1®1Q F ® F))
= nms(A(P)nL(F))- L1 ® 1 ® F ®@ F)
= (nm3Es) -9 L(F?)
= E,
where the last two equalities follow by hypothesis and by Lemma 3.2, respec-
tively. Thus Q is in the center of E, which is mL(F?)(*).

Conversely, suppose Q= (7P)(7:P) (nsP)~* is in the center of E; and let a
be any element of E;. Then Q(n4m:a) Q' =nmsa. Using nans =ns7s, this may be
rewritten as

(n2P)n3(P*(n30) P) (n2P)~" = n4(P~"(n30) P)
or, if b=P~(n;a)P, as
(3.8) (72P) (n3d) (naP)~" = ned.

Lemma 3.2 yields the isomorphism ¢: E;® F—E;, given by ¥(2_b:®f:)
= > (mbs) (nsmL(f)). Hence we may write b= >~ (n2b) (namL(f)) and sub-
stitute into (3.8). Using (3.3), specifically 7:m2 = 1212, 7515 =141 and n4m2 = 1213,
we get

() If Vis free over C then the ring of endomorphisms of V' ® F? over 1 ® F? is a matrix ring
whose center is well known to be n,L(F?). If V is just faithful and projective, the same result

can be proved in a variety of ways (e.g. [6, Proposition A.3 and Theorem A.2(g); 16, Lemma
3.3)).
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2 12(P(n2b) PYmanamL(fs) = 2 na(msbnanamL(fy).
Another application of Lemma 3.2 and Corollary 3.3 shows that this means

S Plob) Pt @ fi = D (nshs) ® fi inE; ® F.

Thus Zb;@f; is in the kernel of ¢ ®1: E:Q F-E;®F where ¢: E;—E; is
defined by ¢(x) =P(nx)P~1—nsx. Since F is C-flat, Ker(¢®@1)=Ker ¢ @ F
=A(P)®F by (3.7). Hence X b:®f:= b/ ®f! with b/ EA(P), f{ EF. Re-
turning to b and a, we have

ma = PbP-1 = PY(D. b! ® f1)P1 = Y, Ppsb! Plneni L(f!)
= > nblamL(f!) € ns(A(P)ymL(F)).

Since 73 is a monomorphism, by (3.6), aEA(P)n.L(F).

It remains to show that if (94P)(n.P)(n:P)"*=mL(u), then Asu=1. In
general, the same identities that show A;A;=1, show, even without commu-
tativity, that if x = (qP)(7P)(n:sP)~! then (95x)(nsx) (nax)~1(n2x) "
= (naaP) (2x) (14 P)~1(m2x) 1. In our case, 1% =nemL(x) commutes with all
n:m;P (3, j>1) and so in fact 1= (95x) (93x) (9ax) " (n2) "1 =mL(Asu), by use of
(3.3) and (3.4), so that Azu=1.

CoROLLARY 3.8. If (4P)(m2P) (s P~Y) =mL(u) for some u& F**, then A (P)
is a central separable C-algebra split by F. In particular, if ¢ is a cocycle, i.e.,
Ast=1, A(t) s a central separable C-algebra split by F.

Proor. By Lemma 3.7 A(P)nL(F)=E; and so by Lemma 3.6, A(P)®F
=~F,. Since E;=Endgr(V®F) is a split F-algebra, Lemma 3.1 completes
the proof.

Thus we have a mapping from 2-cocycles ¢ in the Amitsur complex to
algebra classes in ®(F/C). Before proving the lemma which will show that
this map is a homomorphism we need a preliminary step.

LEMMA 3.9. Let A, B be two central separable C-subalgebras of a C-algebra
W which commute elementwise. Then A and B are in tensor product relation in
W. If the centrealizer of AB in W is C, then AB=W.

Proof. Since A and B commute, there is a canonical epimorphism 4 ® B
—AB. But by [5, Proposition 1.4] A ® B is again central separable and so all
its ideals are of the form ¢(4 ® B) with ¢ an ideal in C [5, Corollary 3.2].
Hence if the above epimorphism had a nonzero kernel then AB, and so 4,
would not be faithful C-modules. But 4 is a faithful C-module [5, Theorem
2.1] and thus 4 ® B=2A B so that AB is a central separable subalgebra of W.
The last statment of the lemma is then an immediate consequence of [5,
Theorem 3.3].

LeEMMA 3.10. Let P be a unit of E; with (qeP)(n2P) (nsP~t) =mL(u) for some
u in F** and let t be a cocycle in F**. Then A(P)Q@A(t)=2A(ut) QE, so that
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AP)RA()~A(ut). In particular, if u is a cocycle in F3*, A(u)QA(t)
=~A(ut) @A (1), where A(1) =92 End¢(F), and 4 (u) @ A(t)~A (ut).

REMARK. In this lemma, we are using simultaneously subsets of
Endigm(V@F*) (like A(P)) and subsets of Endigr(FntY) (like A(2)), so
that our previous definitions and lemmas apply in two ways. To avoid con-
fusion, we shall reserve the notations E,y; for Endigr(V® F*) and #; for
the corresponding mappings E,—E,;;. We shall write the other endomor-
phism rings out explicitly: End;gps(F**!) and shall use 4/ for the correspond-
ing mappings Endigs-1(F")—End;g(F*1!). Since the last sentence of the
lemma follows directly from the first two, the ultimate confusion of taking
V=F in our computation never arises.

Proof. Let W be the C-algebra given by

W = {x € Endigior(V ® F?) | (nL(£)12P)nsx(mL(§)n:P)™" = nax}.

We shall show that W=A4,B,=4:B;, where 4; and B; are C-subalgebras
in tensor product relation (:=1, 2) and 4,24 (P), Bi1=2A (), A.=2A(ut),
B.=E,.

First, we let A;=7A4(P) and B;=m4(), and we show A, and B, are
contained in W. Since A (P) CE,, nn24 (P) and 7,P are both in E4, by (3.5).
Hence they commute with 7.L(F?®). Thus, for a €4 (P), using nsm2 =119,
Nems =4 from (3.3) and using the definition (3.7) of 4(P),

(mL(®)n2P)nsnea(nL(t)n:P)~! = (n2P)(nn2a) (n2P)™! = n2(nsa) = nanea.

Thus 4, CW. Similarly, by Lemma 3.4, n:E; commutes with 7, End;gr2(F?);
the former contains 7,P and the latter contains 74 A (£) =7:mA (), so that,
for a’ €A (1),

(mL(®)n2P)nsma’ (mL()neP)™ = ni(L()ns a’L()™Y) = nmsa’ = nma’

and B;CW.

Using Lemma 3.4 again, with =2, =2, we conclude that 4, and B,
commute. By Lemma 3.9 and Corollary 3.8, they are in tensor product rela-
tion. With Lemma 3.9 in mind, we compute the centralizer of 4,B; in W.
If wis an element of this centralizer then w commutes with 7,4 (P)L(1®1Q® F)
= 2 A(P)npomL(F) = n:E;, by Lemma 3.7; w also commutes with
MmAGOLAR1QF)=md {)nn! L(F) =7 Endigr(F?), again by Lemma 3.7.
Furthermore, w& W implies Q(nsw) Q! =nsw, with Q=mnL(t) (n.P) EE,. The
following lemma then shows w& C which proves 4,B:=W.

LemMA 3.11. If an element w in Endigigr(V ® F?) commautes elementwise
with neEy and m1 Endigr(F?) and also satisfies Q(nsw)Q'=nw with QEE,,
then we& C.

Proof. By an appeal to [9, p. 210] as in Lemma 3.2, we have an isomor-
phism
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Endmp(V ® F) ® Endc(F) i End1®1®p(V ® Fz)
defined for e€Endigr(VQ®F) and ¢’ €End¢(F) by
€ ® ¢ — (n2¢) (name’).

But by (3.3) 73 Ende¢(F) =mnd End¢(F) Cm Endigr(F?) so that w com-
mutes with every element of (9:E,)(nsm1 Ende(F)) =Endigigr(V ® F2). Thus
w is in the center of the latter ring so that w=L(1®1®f) for some f in F(11).
Then nw=Q(n:w)Q'=nw implies 1®1Q1Qf=101Q®f®1. Apply to this
the mapping 1®1®1Q®¢ where ¢: F—C is an inverse of the split unit map-
ping, i.e., ¢(c-1)=c¢ for c&€C. We get

1919184(/)=101Q0f@1=101Q1Qf.

Since f—1®1®1Q@f is a monomorphism by the flatness of F, we have
f=¢(f)EC and wEC.

Now we resume the proof of Lemma 3.10. Before defining 4; and B,, we
note that

PWP' = |y € Endigier(V ® F?) | mL(ut) (nsy)mL(ut)™" = nay}
because if x€ W and y=PxP~! then
[mL(®) (n2P) (n3P) sy [m L(£) (72P) (03 P) 1]t = (14P)~(nsy) (n4P)

of, using (94P)(92P)(msP)~'=mL(u) and the fact that P EE, commutes
with g L(F?), mL(ut)nsymL(ut)~1=n4y. Since all steps are reversible, the
equality is proved. Now define 4; and B; by

.PAzI)—l = mA(ut), PBzP_l = 1731]2E1.

It is sufficient to prove that m4 (ut) and n:m2E, are in PWP-1, in tensor prod-
uct relation and have a product equal to PWP-1, These facts are proved in
much the same way as for 4, and Bi: If e €A (ut) then nama=mnda and
mL (ut) (nsma)mL(ut)'=mni a=nsma, by the definition of A(ut). Thus
md (ut) CPWP-L If ' € E,, then nananea’ = namsnea’, by (3.3), and nsnsn.a’ € E,
commutes with g L(ut). Thus 9y E1 CP WP~ Since 93m2= 1212, N3m2E1 C2E,
which commutes with 7,4 (ut), by Lemma 3.4, and hence the two algebras
are in tensor product relation, by Lemma 3.9. Thus again it remains to show
that the centralizer of 7.4 (ut) -nameE; in PWP-1is C. If w is an element of
this centralizer, then w commutes with g4 (ut)mni L(F) =1 Endigr(F?); w
also commutes with 739:E1nemL(F) =n9(neEymL(F)) =n2E, by Lemma 3.2.
Furthermore, wCPWP! implies QmwQ'=nw with Q=mnL(ut)CE,.
Lemma 3.11 then completes the proof.

Finally, we show that t— {4 (¢) } actually induces a single valued mapping
on cohomology classes in H%(F):

LEMMA 3.12. If s€ F** and t& F** then
L(s)AQ@)L(s™) = A(t- Ass).
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Proof. An endomorphism x of F? is in L(s)A(Y)L(s™') if and only if
xE€Endi1gr(F?) and

L(&)n2(L(s7)xL(s)) L(£)™* = na(L(s7)xL(s)).
In view of (3.4) this last equation can be rearranged to give
L(t €35 €257Y) (m2x) L(t- €35 - €a5™1) "1 = pgx.

Since x commutes with L(1®F), 7:x commutes with L(1®F’)=L(elF’).
Hence we may conjugate by L(es) to get

L(¢-Ags)naxL(¢- Ags)~! = nsx.

This proves the lemma.
Putting together Corollary 3.8, Lemmas 3.10, 3.12 and 3.5, we have

THEOREM 2. Let F be a commutative C-algebra, finitely generated and projec-
tive as a C-module and such that the unit mapping C—F splits(8). Then the
correspondence t—A (t) = {aE Endigr(F?) | L()naL(t)—'= ma} induces a homo-
morphism H*(F)—®(F/C). The algebras A(t) which arise this way from co-
cycles t all contain L(F®1) =n.L(F) as a maximal commutative subalgebra.

In order to show that the homomorphism in Theorem 2 is an isomorphism
of H*(F) onto ®(F/C) we must impose further hypotheses. A commutative
ring R will be said to satisfy hypothesis (H) if

(H): R is a finite direct sum of rings R., and every finitely generated, faithful,
projective R;-module is free.

REMARKs. 1. If every faithful, finitely generated, projective R;-module is
free, then R; is indecomposable, for if R;=S@®T then R;®S is faithful,
finitely generated and projective, but not free. Thus the decomposition
R=7) g R; in (H) is the unique decomposition of R into indecomposable
rings.

2. If W is a faithful, finitely generated, projective R-module and R satis-
fies (H) then W= ) g Wi, where each W; is a free R;-module on (say) #:
generators. A necessary and sufficient condition for W to be free over R is
that n;=mn; for all 7, j.

LemMa 3.13. (a) If C and F satisfy (H) and A is a C-algebra split by F, then
AQ@F=Endigr(V®F), with V a faithful, finitely gemerated, projective C-
module.

(b) If C satisfies (H) and V, and V, are faithful, finitely generated, pro-
Jjective C-modules such that Endigr(V1® F) and Endigr(V2® F) are isomorphic
F-algebras, then V) and V, are isomorphic.

(c) If a commutative ring R satisfies (H) and W is a faithful, finitely gener-
ated, projective R-module, then every R-algebra automorphism of Endg(W) is
inner.
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Proof. In (a) we are given 4 @ F=Endy(W) with W a faithful, finitely
generated, projective F-module. We are to prove W= V@®F for some faith-
ful, finitely generated, projective C-module V. When C decomposes as in
(H), all the terms in this hypothesis and conclusion decompose correspond-
ingly. Hence we may assume that C already satisfies the condition that every
faithful, finitely generated projective module is free. Since 4 is central sepa-
rable, it is a faithful, finitely generated, projective C-module [5, Theorem 2.1]
and so now is free. Hence Endz(W)=2A4 @ F is a free F-module. On the other
hand, if we decompose F into g F: according to (H), then by Remark 2
above, W decomposes into g W;, with W; free on n; generators over F;,
and End (W) = ) g Endp,(W.), where the matrix algebra Endp,(W;) is free
on n? generators over F;. By Remark 2, Endr(W) is free over F if and only if
ny =n; for all 4, j, which implies n;=n;, which gives W free on #; generators
over F. Thus W= V.QF, with V free on n; generators over C.

(b) As in the proof of (a), we immediately may reduce to the case where
all faithful, finitely generated, projective C-modules are free. Let V; be free
on n; generators (i=1, 2). Then End,gr(Vi®F) is a free F-module on #}
generators, and the algebra isomorphism is an isomorphism of F-modules.
Thus ny1="mng and Vl-’\_.—l Vz.

(c) When R decomposes as in (H), Endg(W) decomposes into
> @ Endg, (W), and any automorphism of Endz(W) induces automorphisms
on the direct summands. But R; certainly satisfies the hypothesis of [5,
Theorem 3.6] so that every automorphism of Endg,(W;) is inner, whence (c)
follows immediately.

THEOREM 3. Let F be a C-algebra which is finitely generated and projective
as a C-module and such that the unit mapping(®) C—F splits. If C, Fand FQF
satisfy (H) then the homomor phism H*(F)— ®(F/C) defined in Theorem 2 is an
isomorphism.

Proof. Let {A(#)}={1}, that is, A() =Endc(V), with V a faithful,
finitely generated projective C-module. Then we have the following F-algebra
isomorphisms, by Lemmas 3.2, 3.6 and 3.7: Endigr(V®F)=2End¢(V)®F
~A () @ F=A(t)mL(F) = Endigr(F?). Lemma 3.13(b) then shows that V is
isomorphic to F as a C-module, so that there is a C-algebra isomorphism
a: A(f)—End¢(F). But, as noted above, 4 (f) ® F=~2Endigr(F*) =End¢(F) ® F.
Hence a®1: 4 (t) ® F—»End¢(F) ® F induces a (1 ® F)-algebra automorphism
of End;gr(F?). By Lemma 3.13(c), this automorphism is inner, say by an
element Q. Then, for every a in 4 (¢),

QaQ! € 92 End¢ (F).

Since 7212= 1372, we have

(120) (128) (720)™* = (73Q) (n3a) (1:Q) ™" = (n3Q) L(£) (n20) L(£)~"(n3Q)~".
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Hence L()~1(7:Q)~'(7:Q) is an element of Endigm(F?) commuting with all
elements of 7.4 (f). But

A L(1 @ F?)
=mdOLIQ1QF))LUI®F®1) =92(4A¢LAR®F)Ll®F®1)
= n2(Endigr (F?))nsmL(F) = End;g(F?), by Lemmas 3.7 and 3.2.

Thus L) (7:0)"1(7:Q) commutes with all of Endigm(F?) and hence
(7:0)~1(92Q) = L(¢) L(e15) for some unit s in F2.

Now the same identities that show A,A;=1 prove (even in the absence of
commutativity) that if P=(9:Q)"1(n:Q) then (9.P)(n.P)(msP)~1=1 (cf. the
last part of the proof of Lemma 3.7). Thus we have

1= (e.;t) (ézt) (eat)_l . (64615) (62618) (63615)—1 = (A3t)—l(€1t) (é],AzS) ,

using (3.6) or, specifically, €;116, = e€;. Since Agt=1 and ¢, is a monomorphism,
t=0»Ay(s71) is a coboundary. This proves that {t} — { A() } is a monomorphism,

To prove we have an epimorphism, let 4’ be any algebra split by F, and
o any F-algebra isomorphism 4’'® F—»Endr(W). By Lemma 3.13(a), we
may take W=VQ®F so that a(4’®F)=Endigr(VQ®F)=E,;. The image
a(A’'®1) is then a subalgebra A4 of E, isomorphic to A’ and a(1 ® F) =nL(F).
We shall eventually produce a cocycle ¢ in F? such that the Brauer classes of
A and A(t) coincide. Since E; decomposes as a tensor product of E; and F
in two ways, viz.

E3 = (n2E2)(namL(F)) X E; ® F,
and
E; = (Ey)(nemL(F)) =X E, ® F,

by Lemma 3.2 and Corollary 3.3, and since E,=24'QF, it follows that E;
decomposes into A’Q@F®F in two ways. Specifically we have a C-algebra
isomorphism B;: A’® F® F—E; defined as the composite of isomorphisms
a' ®fQf —ala’ ®f)®f (which is an isomorphism since a is and F is C-flat)
and e®f—(n:e) (psmL(f)), for a’€A4’, f, f'EF, e€E,. Similarly, §; is the
composite of isomorphisms ¢’ @ f® f —ald’ ®f)  ff € E; ® F and
e Qf—(n3e) (memL(f)). Both B; and B; send 1®f®f in AQFQF to mL(fQf")
in E,, so they are in fact F?-algebra isomorphisms. Hence (;8:! is an F*-
algebra automorphism of E; which, by Lemma 3.13(c), is inner by some P
in Ea.

From its definition, this P satisfies P(n:a) P~ 1=muaforallain 4 =a(4'®1).
That is, A CA(P).

We assert A =A(P): by Lemma 3.6, 4(P) @ F=2A (P)mL(F), and, since
A CA(P), this makes 4 (P) ® FE,, via the isomorphism a ® f—anL(f), for
aE€A(P), f in F. This same mapping restricted to 4 is also an isomorphism,
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by the definition of 4. Thus 0=(A(P)®F)/(A®F)=(A(P)/A)®F as C-
modules. But F has a direct summand C, so that (4(P)/4)®C=0 and
A(P)=A.

By Lemma 3.7, (74P) (92P)(n:P)~! is a scalar mL(«). This u is the desired
cocycle associated with A’ for, by Lemma 3.10 with =1, A(P)®A(1)
A (u) ®E,. Since the mapping {t}—{A4 ()} is a group homomorphism,
A(1)~1 and so A(u)~A(P)=A=2A4’, proving Theorem 3.

REMARKS. 1. The proof of Theorem 3 used not so much the fact that
C, F and F? satisfy (H) but rather the conclusions of Lemma 3.13. Specifi-
cally, our mapping of H?(F) into ®(F/C) will be a monomorphism if con-
clusions (b) and (c) ((c) for R=F) of Lemma 3.13 are valid. If conclusions
(a) and (c) ((c) for R=F?) of Lemma 3.13 hold the mapping is an epimor-
phism.

2. In view of the last statement of Theorem 2, we have actually proved
that, under the hypotheses of Theorem 3, every algebra split by F is equiv-
alent to one (viz. 4(¢)) which contains F as a maximal commutative sub-
algebra and which can be represented by endomorphisms on F® F commuting
with L(1®F) in such a way that the maximal commutative subalgebra be-
comes L(F®1).

Now we produce two specific classes of pairs (F, C) for which H2(F)
~®(F/C) (Theorem 4).

We begin with the following lemma which is a weak generalization of the
fact that principal left ideals generated by idempotents are isomorphic
modules if and only if they are isomorphic modulo the radical.

LeMMA 3.14. Let R be a ring, N a radical ideal in R, Vy and V, finitely
generated projective R-modules and p: Vi/NV1—V,/NV, an R-isomorphism.
Then p is induced by an isomorphism Vi—V,.

Proof. Let p; be the natural mapping V,—V,/NV;. Then pp, is an epi-
morphism of Vi onto V,/NV,. Since V, is projective, there exists g: Vi—V,
such that p,o0=pp:. Since p and p; are epimorphisms this implies ¢ V1+ NV,
= Vs But N is a radical ideal and V,/a V1 is finitely generated, so V,/o V=0,
o is an epimorphism [7, p. 124, Corollary]. But ¢Vy=V, is projective, so
o splits and Ker ¢ is a direct summand in V;. This implies p(Ker o)
=Ker ¢/N Ker ¢ and also that Ker ¢ is finitely generated so that p:(Ker o)
=0 only if Ker ¢ =0. But pp,(Ker o) = po(Ker o) =0 and p is an isomorphism,
so Ker o is indeed 0, and ¢ is an isomorphism.

LEMMA 3.15. If C=R|[x], where R is a commutative ring with minimum con-
dition, or if C is semilocal (i.e., has only finitely many maximal ideals, but is
not necessarily Noetherian), then C satisfies hypothesis (H).

REMARK. If C is semilocal the result was proved by Serre [17, I, Proposi-
tion 11] and [18, Proposition 6] assuming C is Noetherian, and by Kaplansky
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in the general case (unpublished). Serre’s proof can easily be modified to take
care of the general case. We present such a modification here since [17]
seems not to be readily available.

Proof. In the first case, C= ) q Ri[x], where R; is a local ring with nil-
potent radical. Thus we may assume that R is already local. Let its maximal
ideal be N and let M be any finitely generated projective C-module. Then
M/N[x]M is a projective module over R[x]/N[x]=(R/N)[x] which is a
principal ideal domain. Hence M/N[x]M is free on n generators, say. Let
M’ be a free C-module on 7 generators. Then M/N[x]M=M'/N[x]M’. Since
N is nilpotent, so is N[x] and Lemma 3.14 applies to show that M=~ M’ and
so M is free.

In the second case, since a semilocal ring has only a finite number of
maximal ideals, it is a finite direct sum of indecomposable semilocal rings.
So we may assume C is indecomposable. We let M be a finitely generated
projective C-module and prove that M is free.

For any prime ideal p of C, we pass to the local ring Cy. Here M @ Cy is a
projective, hence free Cy,-module on 7, generators. If pDp’ then M Q@ Cy
= (M ®c,) ®c,Cy so that ny=mny. Thus we can divide the set of prime ideals
of C into disjoint subsets Up={p|ny=Fk} such that if pDyp’, then pE U, if
and only if p’ € Uy. Of course, k is bounded by the number of generators of M.
Let Si be the complement in C of Uyey, b and let ar= {aE C|as=0 for some
sin Si}.

We assert that the primes containing a; are exactly the primes in Us. If
pE Ui and a€a; then as=0 for some s not in p, so that a&p. Conversely,
let a, Cp;E€ U; and consider the multiplicatively closed set SiS;. This does
not contain 0; for if we had sis;=0 for s;E Sk, s;ES; we would also have
s;€ ar Cpj, contrary to the definition of S;. Hence there is a prime ideal p*
disjoint from S.S; [15, V, Lemma 2]. Then p* is disjoint from both S and
S; so that p* is contained in both Upey; p and Upeu, p. But Uyer; p is just the
(finite) union of maximal ideals belonging to U; so that [19, p. 215] p*Cp
for some maximal p&E Uj; thus p*E U;. Similarly, p*& U,. This proves j=k,
proving our assertion.

Now if j#k, a;+a; cannot be contained in a maximal ideal p& U, for we
have just proved that then j=¢ and k=1. Thus the ideals a, are relatively
prime in pairs. Furthermore, if a ©Nax and b is the annihilator of @ in C, then
b is an ideal containing at least one element of each Si. Thus b is contained in
no prime, which proves 1Eb and a=0. By the Chinese Remainder Theorem,
it follows that C= Y & C/a:. Since C is indecomposable, there is only one &
occurring—the projective module M has the same local rank at every prime.
Let M’ be a free C-module with this rank. Then M ® Cy=2 M’ ® C, for every p.
If p is maximal the residue class field of Cyis C/p. We tensor the isomorphism
above with C/p to get

MRC/Hr=M ®C/p
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for every maximal p. If we denote the intersection of the maximal ideals by
N then, again by the Chinese Remainder Theorem, we have
M/NMXMQC/N=MQ > 0C/h=DeoMQC/Hh=M/NM.
P max

By Lemma 3.14, M= M’ is free.

THEOREM 4. The mapping H*(F)—®(F/C) defined in Theorem 2 is an
isomor phism in the following two cases:

1°. C=K|x], F=L[x], where K is a commutative ring with minimum con-
dition, L is a K-algebra which is finitely generated and projective as a K-module
with split unit mapping(8) K—L and where x is an indeterminate over L.

2°. C s semilocal, F is a C-algebra which is finitely generated and projective
as a C-module and such that the unit mapping C—F is a split C-module mono-
morphism(®).

Proof. In case 1°, L and L®xL are both finitely generated K-modules,
hence satisfy the minimum condition on ideals. Thus C, F and

Fr=L[x]®xmL[x]=(L®xL)[x]

all fall under the hypotheses of Lemma 3.15. Hence the hypotheses of Theo-
rem 3 are satisfied.

In case 2°, we want to show that F and F? are also semilocal so that
Lemma 3.15 can be used again to verify the hypotheses of Theorem 3. First,
we remark that a commutative ring R is semilocal if and only if R modulo a
radical ideal is a ring with minimum condition. Now if C is semilocal with
radical N and R (=either F or F?) is a finitely generated C-module then NR
is a radical ideal in R; for if M is any maximal ideal in R then R/M is a
finitely generated C-module and N(R/M)#R/M, by Nakayama’'s lemma
[7, Theorem 1]; therefore N(R/M)=0 and NR is part of the radical of R.
Furthermore, R/NR is a finitely generated (C/N)-module and so is a ring
with minimum condition. This shows that F and F? are semilocal and com-
pletes the proof of Theorem 4.

We conclude this section with a discussion of the functorial properties of
the homomorphism H?(F)—®(F/C). Both H%(F) and ®(F/C) are functions
of F and C. We assert that they are functors in each of those variables, and
that our homomorphism is a mapping of functors. ‘

First, if C—D is a ring homomorphism, we have a homomorphism ®&(F/C)
—®(F®D/D), defined by associating to each C-algebra A4 split by F the
D-algebra A®D which will be split by F®D. We also have a mapping
x—x®1 sending F* to F*"QD=(F®D)Q®p - + - @ p(F®D)=(FQD)" which
gives a mapping of Amitsur complexes. This, in turn, induces a mapping of
homology groups H*(F)—H"(F ®D), where in the last group F®D is treated
as a D-algebra. If we assume that F is finitely generated and projective over
C and that C—F splits, then F® D has the same properties over D and homo-
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morphisms H2(F)—®(F/C) and H*(F®D)—®(FQ®D/D) may be defined as
in Theorem 2. A routine calculation shows that the diagram

HXF) — HF ® D)

l l
®(F/C) — ®(F ® D/D)

is commutative so that H2(F)—®(F/C) is a mapping of functors.

Our homomorphism is also a mapping of functors of F. If F/—F is a C-
algebra homomorphism then we have an induced homomorphism of the
Amitsur complex of F’ to the Amitsur complex of F with consequent homo-
morphisms H*(F')—H"(F). We also have a homomorphism ®(F’/C)
—®(F/C) by associating to each algebra A split by F’ the same algebra;
for if A4 is split by F’ so that 4 @ F'=End (W), with W a faithful, finitely
generated, projective F'-module then 4 is also split by(?)

F:AQF~(AQF')®p FXEndr(WQ s F).

In fact, &(F'/C) C®(F/C).

If, besides, F' and F satisfy the hypotheses of Theorem 2 we have map-
pings H2(F")—>®(F’/C) and H*(F)—®(F/C). We sketch a proof of the com-
mutativity of the diagram

HXF') — H*F)
l l
®(F'/C) — B(F/C)

so that the homomorphism H?(F)—®(F/C) is again a mapping of functors.
The cocycle ¢’ in F’3 maps to a cocycle ¢ in F?, and we must prove that
A()~A(t). Now the mapping F'—F induces mappings F'*—F’'® F? and
hence Endigr2(F’'3)—Endigm(F’' ® F?). Let the image of the endomorphism
L(¢') be P. Then the image of A(t') under A(')—>A(')QF2AWH')QF' @ F
~End,gr(F'®F) is exactly A(P) as defined in (3.7) with V=F'. Finally,
(14P) (n2P) (n3P)~* turns out to be mL(¢f) and so Lemma 3.10, with u replaced
by the present ¢ and ¢ by 1, shows 4 (t') =24 (P)~A(¢).

We claim that both H*(F) and ®&(F/C) are functors of F that commute
with certain direct limits: if {F.,,, ¢a3} is a direct system of C-algebras and
homomorphisms-with limit F then the Amitsur complex of F is the limit of
the Amitsur complexes of the F,, because ® commutes with direct limits
[9, VI, Exercise 17]. Since the homology functor also commutes with direct
limits [9, V, Proposition 9.3*], we have H*(F) =lim. H*(F,). The analogous
argument for ®(F/C) is slightly more complex and will be needed in §5;
hence we state it as

(1) It is clear that W@ F is a finitely generated projective F-module. That it is faithful
follows from [6, Theorems A.3 and A.5].
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LEMMA 3.16. Let F be the union of subalgebras F, such that each F, is a
direct summand in F as Fo-module. Then ®(F/C) is the union of the groups

®(Fa/C).

Proof. As above, ®(F./C) C®(F/C). It remains to show that if an algebra
4 is split by F, then it is split by some Fp.

Let A@F=~E=Endr(W), where W is a faithful projective F-module
generated by wy, - - -, wa. Let u;, - - -, u. be free generators of a free F-
module containing W as a direct summand. Since the expression of the w's
in terms of the #'s involves only finitely many coefficients in F, these coefhi-
cients all lie in some F,. Then Fou1+ - - - +F,u, is a free F,-module con-
taining We=F,u+ - - - +Faw, as a direct summand. It follows that
W=W.®r,F, so that EXEndr,(W.) ® r,F. We let E, denote the subset of
E corresponding to Endg,(W,) under this isomorphism so that E,F=E.
Then E. is a finitely generated F,-module and an argument like the construc-
tion of W, above shows that, under the isomorphism E—A ®F, the
image of E, is contained in some 4 ® Fs (without loss of generality, we take
B>a). Hence Eg=E,- Fs also goes into an Fsg-submodule Ef of A @ Fs. If
B=(A®F;s)/E{ then BRrF=(A®Fs®r,F)/(E{ ®sF)=A®F/E{ F=0,
since EgF=E and EJ F=Im(E—A4 @ F)=A QF. Since Fg—F splits, we have
also B=0 and 4 @ Fy=E{ =Eg~FEndr,(Wj), with Ws=W.®,Fs. Thus 4
is split by Fg, proving the lemma.

COROLLARY 3.17. Let F be a C-algebra which is the union of subalgebras F,
and assume that the Fo-module monomorphism F,—F splits for all a. Assume
further that the pairs (Fa, C) satisfy the hypothesis of Theorem 2. If the mappings
H*(F,)—>®(F./C) are isomorphisms for each a, then H:(F)=®(F/C).

Proof. Since our homomorphism H?*(F,)—®(F./C) is a mapping of func-
tors and both functors commute with this kind of direct limit, we have
H(F)=lim., H*(F,)=lim. ®(F./C)=®(F/C).

4. The purely inseparable case. If F is a purely inseparable extension
field of the field C and has exponent one and finite degree over C, Hochschild
[13] exhibited an isomorphism of ®(F/C) with the group &(T, F) of regu-
lar(13) restricted Lie algebra extensions of F by T, where T is the Lie algebra
of C-derivations of F. In this section, we shall produce an isomorphism
H*(F)—§&(T, F), which, combined with Theorem 3, will give another proof
of Hochschild’s result.

In [3, §7], Amitsur attempted this unsuccessfully, For one thing, he

(%) “Regular” here means that any such extension S has a structure as left F-module
compatible with the Lie multiplication and pth-power operation [11, pp. 481-482]. We do not
need to make this more precise; it is sufficient to note that if S is a restricted special Lie sub-
algebra of an associative algebra 4 (i.e. if 51, sz are in S, [s, s2]=51-52—52-51 and slel =sP where
the dot and pth power on the right sides of the equations are the associative products in 4),
and if 4 contains a subalgebra F with FSC S, then S will be regular.
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tried to establish an isomorphism of H"(F) with a subgroup of the restricted
cohomology group H%(T, F)=Exty}(C, F) [12], where U* is the restricted
universal enveloping algebra of the Lie algebra T. Now Hi(T, F) can be
zero when ®(F/C) is not; for example, when C is the field of rational func-
tions in two indeterminates x, ¥ over GF(2) and F=C(x"?). (In this case F
is U*-injective, so H}(T, F)=0; one way of showing that ®(F/C)#0 for
these F and C'is by using the proof of Theorem 6.) Secondly, [3, Theorem 7.2]
asserts erroneously that H*(Ft)=H"(F), where H*(F*) is the nth cohomology
group of the complex C—»F—F?— . .. with coboundary operator

A,',": Fr— Fntl
defined by Af = D 54! (—1)i1¢ for n20. As a matter of fact,

LEMMA 4.1. Let C be a commutative ring and F a C-algebra such that the
unit mapping C—F splits(®). Then H*(F+) =0 for n 2 0. If, besides, F is C-flat,
then

for gEF?, (e—e)g=0 if and only if g€ F®1;
for rEF3, (ee—es+e)r=0 if and only if r=(e2— €)gq for some g€ F2.

Proof. That A/, ,Af =0 is proved as usual, using (3.3) (cf. [3, Theorem
5.1]), so that we do indeed have a complex. Let ¢: F—C be the mapping
postulated in the lemma and define homomorphisms s,: F*—F*! by
sa(01® - - ®xa) =¢(x1) (2@ - - - ®x,) for #>0, and so=0. Then snp A}
+A} s, =identity (s, defines a contracting homotopy) which implies H*(F+)
=0 for n=0. If F is C-flat, then the complex FRC»FQ® F—->FQ F*— - - -
with coboundary operators 1®A;': F® Fr—F® F»*+1 will also have zero co-
homology groups. But 1®A; =e—e;+e— - - -, which proves the rest of the
lemma.

Now let C be a ring of prime characteristic p, F any C-algebra, and T the
set of all derivations of F over C. Just as in the case where Cis a field, T isa
Lie algebra with a pth-power operation and an F-module structure. For rea-
sons which will become apparent shortly, we define, for any D in T, a deriva-
tion ,D of the algebra F» over 1Q® F*! by (%)

4.1) 2D ® - - %) = D21 @ 3+ -+ @ Xn.
It is clear that, if 2>1 and x&€ F*, then
(4.2) ,.+1D(e.~x) = G,'(”D(x)), n+1D(€1x) = 0.

Although our results are logically independent of those of [13], the latter
immediately suggest an explicit isomorphism between H*(F) and &(T, F) in
case F is a purely inseparable field of exponent one over C. If 4 is a central

(¥) If Fisa purely inseparable extension field of exponent one, [10, Proposition 2.3] shows
that any way of extending the action of T to F* is equivalent to (4.1).
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simple C-algebra containing a maximal subfield G isomorphic to F, Hoch-
schild associates to A a special Lie algebra S which is an extension of F by
T as follows: S= {aEA | ag—ga &G for all gEG} ; S—T by associating to a
in S the derivation g—ag—ga=[a, g] of G (or rather the derivation of F
which corresponds to this by the isomorphism of G and F); the kernel of the
mapping S—T is clearly G, which is isomorphic to F.

If we apply the construction to A=A4(¢) and G=L(F®1), we get
S= {aEA (t)l [e, LF@1)]EL(F®1) for alleF} , and for every a €S we get
a derivation D& T such that

(4.3) [e, LF® 1] = L(Df ® 1) = L(:D(f ® 1)).
Now, for any derivation & of a ring and any ring element x,
[6, L(%)] = L(sw)

so that (4.3) becomes [e¢, L(f®1)] = [.D, L(f®1)] and @ —,D is an endomor-
phism of F? commuting with L(F®1). By (4.1), [:D, LU1®F)]=L(:D(1® F))
=0, and [e¢, L1®F)]=0, because a € End,gr(F?). Hence ¢ —»D commutes
with L(F?). Thus there is an element ¢ in F? with a=,D+L(q). If we sub-
stitute this formula for a¢ into the defining equation for 4 (¢):

(4.4) L(#)(n20) = (130)L(2)

and use 7,(;D) =D, =2, 3, we obtain [;D, L(¢)]=L(#)(n.L(g) —msL(g)), or,
by (3.4), L(3Dt) = L(t) L(e2g — €zq), which finally becomes

(4.5) sDi/t = (e2 — €3)q.

Conversely, if DET and ¢ is any element of F? satisfying (4.5) then the
element a=,D+L(q) in Endigr(F?) satisfies (4.4) and so lies in 4 (). Thus
the Lie algebra S is simply the set of all endomorphisms of F? of the form
2D+ L(g), with D ranging over T and q satisfying (4.5). Hence we make the

DEFINITION. For every cocycle ¢ in F#*, let O(t) be the set of endomor-
phisms of F? of the form ,D +L(q), with D ranging through T and ¢ an element
of F? satisfying 3Dt/t=(e;— €3)q.

THEOREM 5. Let C be a ring of prime characteristic p, F a C-algebra which
is a flat C-module with a split unit mapping(®), and T the restricted Lie algebra
of derivations of F over C. Then the mapping © induces a homomorphism of
H*(F) into &(T, F), the group of regular restricted Lie algebra extensions of F
by T.

The proof will consist of a series of lemmas.

LeEmMMA 4.2. Let C and F satisfy the hypotheses of Theorem 5 (except that
we need not assume characteristic p) and let D be an element of T. Define a map
ap of the graded group Y q Fr* into the graded group Y g F» by

ap(x) = nDx/x,  for x in F*,
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Then ap is a homomorphism of graded groups and, for xE F**, ap(A.x)
= —(1®ADap(x) (with 1QA}_, as in the proof of Lemma 4.1). Therefore
ap 1s a homomor phism of the Amitsur complex into the complex { Fr —1 ®A,f_1} .
In particular, there exists an element q in F? satisfying (4.5). Another element
g’ in F? satisfies (4.5) with the same D if and only if ¢’ —qEF Q1.

Proof. Since ap is a “logarithmic derivative” a standard computation
shows that, for x, y& F** ap(xy) =ap(x) +ap(y) and ap(A.x) = — e(.Dx/x)
+e(.Dx/x)+ - - -, proving the first part. If ¢ is a cocycle in F** we conclude
€ap(t) —eap(t) +eap(t) =0. By Lemma 4.1, this is equivalent to ap(t)
= (e2—€3)q for some ¢ in F% Another ¢’ in F? satisfies the same relation if
and only if (e2—e€)(g—¢’) =0 which, again by Lemma 4.1, is equivalent to
g—q¢ €EFQ1.

LeEMMA 4.3.-Let D and D' be derivations of a commutative ring R of prime
characteristic p, let ¢ and q' be elements of R and let L(q) denote left multiplica-
tion by g on R. Then

[D+ L(g), D' + L(¢)] = [D, D'] + L(Dg — D'g);
(D + L(g)? = D* + L(¢» + D*'g).
Proof. The first equality follows directly from definitions; the second may
be found in [14, p. 223], [12, p. 560] or [10, p. 201].

LeMMA 4.4, Let w be a C-module homomorphism of T into F* and define, for
every D in T, r(D) =,D+ L(w(D)) so that r is a module homomor phism of T into
E,=Endigr—1(F*). Then r is a Lie algebra homomorphism if and only if

(4.6) o([D, D']) = .D(w(D’)) — .D'(w(D)) for all D, D' in T;

r preserves pth powers if and only if
4.7 w(D?) = w(D)? + ,D"'(w(D)) for all D in T.

These conditions are satisfied if w(D)=,Dt/t for some fixed unit t in Fn.

Proof. These statements appear in [10, Chapter 2, (33), (35), (41), (42')
and the necessity part of Proposition 2.7]. Cartier’s proofs are given in the
case where #=1 and F is a purely inseparable extension field of exponent 1.
However, the proofs involve only formal identities and are equally valid in
our case. The first two statements in Lemma 4.4 are immediate corollaries of
Lemma 4.3.

LEMMA 4.5. O(f) is a restricted special Lie subalgebra of Endigr(F?).
Proof. Using Lemma 4.3, we see that we are required to show
(e2 — €3)(eDg' — 2D'q) = [sD, sD']i/t,

and
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(e2 — €3)(g? + 2D71q) = 3 D7/t

whenever (e;— €;)¢=3Dt/t and (es— €;)q’ =3D’t/t. This is immediate from (4.2)
and the last part of Lemma 4.4.

LEMMA 4.6. O(F) is a regular restricted extension of F by T.

Proof. O(t) is a left F-modulesince L(f®1) (.D+L(q)) =2(fD)+L((f®1)q).
Since, by Lemma 4.5, O(¢) is a special restricted Lie subalgebra of End;g#(F?),
it follows by Footnote 13 that ©(¢) is regular. The mapping :D+L(q)—D of
©(t) to T is an epimorphism of regular, restricted Lie algebras, by Lemma
4.3. The kernel is the set of L(q) with ¢ satisfying (4.5) for D =0. By Lemma
4.1, this is L(F®1)=F.

We recall the definition of the sum S;+S: of two regular extensions Sy, S,
of Fby T as given in [12]: let E be the Lie subalgebra of Si® S consisting of
the pairs (s1, s2) with s; and s, mapping to the same element of T. Let J
be the ideal of E consisting of the elements of the form (f, —f) with fEFCS.
Then S;+S; is defined to be E/J, again a regular, restricted extension of F
by T with the copy of F in E/J being the image of F®F in E/J.

LEMMA 4.7. If b, t: are cocycles in F** then ©(hty) is 1somorphic to O(ty)
+O(t;) as a regular restricted Lie algebra.

Proof. In O(t) @ O(), we consider the subalgebra E of all pairs
(2D + L(q1), :D + L(g2)) with 3Dt;/t; = (e2 — €3)qi, . 1=1,2.
Let p be defined by
p(eD + L(g), 2D + L(gz)) = 2D + L(g1 + ).

Since (e2— €)(q1+¢q2) =3D(hit2) /tits, p(E) is a Lie subalgebra of ©(tit;). Now
suppose that .D+L(g) is in O(tits), so that (e—e)g=3Dt/t+3Dty/t,. By
Lemma 4.2, there are elements ¢; in F? with (e;—e€3)qi=3D¢;/t;, i=1, 2. Thus,
by Lemma 41, —g¢+ (@1 +¢)=f®1 for some f in F. Hence
p(eD+L(q1—f®1), :D+L(g2)) =2D+L(q) and p(E) = B(t:tz). Using our earlier
formulas for the operation of F, the Lie product, and pth-power operation
in ©(t), O(t:) and BO(4it,), it is easily verified that p is an F-linear, restricted
Lie algebra homomorphism of E onto ©(tits).

Finally, if p(e:D+L(q1), :D+L(g2)) =0, we have 2D+ L(q1+¢2) =0. Apply-
ing the left side to 1®1 shows that ¢1= —¢» and so D =0. Thus (e;— €)¢;=0,
1=1,2,and,byLemma 4.1,¢;isin F®1. Hence Ker p= { (L(f®1), L(—fo1))}
=J, proving Lemma 4.7.

LEMMA 4.8. If t is a coboundary in F** then O(t) is a split, restricted, regular
extension of F by T.

Proof. There is an element s in F2* with {=A,(s"1). By Lemma 4.2,
sDt/t = (e2 — €3)2Ds/s, forall Din T.
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By Lemma 4.2 this means O(f)={;D+L(:Ds/s+f®1)}, where D runs

through T and f through F. By Lemma 4.4, D—,D +L(;Ds/s) is an F-linear,

restricted, Lie algebra monomorphism of T into @(f), so that ©(¢) is split.
This completes the proof of Theorem 5.

THEOREM 6. Let C be a field and F a purely inseparable extension field of
exponent 1 and finite degree over C. Then the homomorphism H*(F)—&(T, F)
in Theorem 5 is an isomorphism.

Proof. Given any regular extension S of F by T, there is an F-linear Lie
algebra isomorphism ¢ of T into S which is an inverse of the given projection
S—T. Thatis, S=¢(T)+ F (F-module direct sum). Moreover, g(D) = (¢(D))*?
—¢(D?) is an additive function from T to C such that g(fD)=frg(D) for
every f in F [13, Theorem 4]. Thus S is isomorphic to the set of all ordered
pairs (D, f) with D in T and f in F. The operations are given by

[(D’f)) (D,’f’)] = ([Da DI]) Df, - D,f),
(D, fir = (D7, f» + D>'f + g(D)),
f(D,f) = (fD, ff), [13, pp. 487-488].

Given S, ¢ and hence g, we shall construct a cocycle ¢ such that O() is
equivalent to S. To do this, we recall the structure of a purely inseparable
extension field of exponent one: F=Cl[ay, - - -, ax] with a? in C, and T has
a left F-basis given by the derivations D, - - - , D determined by D;(a;) = 8;;.
These D,’s have the additional property D?=0 [10, Chapter 2, §2]. If we
consider F? as an F-module by virtue of multiplication by F®1, we can de-
fine an F-linear function A from T to F? by

(4.8) A(Di) = g(D)A; (af )

where A} = €, — ¢ is the coboundary operator on F introduced above Lemma
4.1. We proceed to verify that v: S—>Endigr(F?), defined by

is an equivalence of regular, restricted Lie algebra extensions of F by T which
carries the splitting map ¢ into the map D—.D+L(\(D)). Furthermore, the
image of v is ©(¢), where ¢ is defined by(%)

k
t = H exp Siui,

t=]
4.9 _ _ _
(4.9) si= e\D) = aAT (@(DY)d ) = g(D)1®1®d  —1@d: ® 1),
U; = —€3AT(05)=05®1®1—1®0,'®1.

(18) As usual, if R is an algebra over GF(p) and r in R satisfies #»=0, then we define exp r
=14r/114 - -« Fr1/(p—1)L.
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By Lemma 4.3 and a standard calculation, the condition that » preserve
the Lie product is

(4.10) M[D, D']) = :DN(D")) = :D’'(\(D)).

Since [D;, Dj] =0 and :D,\(D;) =0 for 15%j, (4.10) is satisfied when D and D’
are basis elements of T. Since both sides of (4.10) are bilinear in D and D’,
(4.10) is true for all D, D’ in T. Note that (4.10) is Cartier’s condition dA=0
[10, p. 201, (34)].

The condition that » preserve pth powers is

[D+LOAD)+f@1)]P=:D?+ LMD?) + @1+ D@ 1+ g(D) ® 1).
Using Lemma 4.3, this translates to
(4.11) A(D)? + ,D7'(A\(D)) — M(D?) = g(D) ® 1.

If D=D;, then \N(D;)»=0=\(D?) and .D?"'(A(D.))= —g(D,)(D? 'a?"'®1)
=—g(D)((p—1)!®1)=g(D,) ®1, by Wilson’s theorem, which verifies (4.11)
for D=D;. Once again, both sides of (4.11) are p-semilinear(®) (the left
hand side in Cartier’s notation is N(D)?— (CX(D))?; since we showed above
that d\=0, we can use Cartier’s computations [10, p. 203, (44) and (45)] to
insure the p-semilinearity of this function). Thus (4.11) is true for all D in T.

Clearly, v is F-linear, has kernel zero, is an equivalence of restricted, regu-
lar extensions and carries ¢: D—(D, 0) into the mapping D—w(D, 0)
=,D+L((D)). It remains only to compute the image of ». By the definition
of ©, we are required to prove that ¢ is a cocycle in F?** (it is evidently an ele-
ment of F3*) and that, for every DET,

(4.12)  3Di/t = (& — e)A(D), e, ap(t) = (1 ® ADYN(D)).

Again, it is sufficient to verify (4.12) for D=D;.

With notations as in (4.9), we have 3Ds;=0 for all < and all D by (4.2).
Furthermore, :D;(u;) is 0 for 1#j and 1®1®1 for :=3. Thus ;D;(exp s;u;) is
0 for +5j; for 1=4, because s] =0, we can differentiate as for ordinary power
series to get 3Dj(exp s;ju;) =s; exp s;u;. Hence ap,(t) = > ap;(exp su;) =s;
= e\(D;). But \(D;) € A} (F) so that Af(A(D;)) = 0 and s; = e\(D;)
= (ea— €3)N\(D;), as desired.

To prove Azt =1, it will suffice to show Az(exp sju;) =1 for all j. Therefore,
we drop the subscripts j. Because exp is defined by a truncated power series,
the usual multiplicative property does not hold without restriction. How-
ever, it is easy to see that exp(a-+b) = (exp a)(exp b) if @ and b in F? are both
multiples of a single nilpotent element of index p. We shall need this remark,
together with the obvious fact that ¢; exp=exp ¢;, to compute

(%) If h: T— F?, we say h is p-semilinear if k(D +-D') =h(D)+h(D’) and h(fD) =(f @1)?h(D)
for fin Fand D, D’ in T.
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4
As(exp su) = ] (exp(ess)(esw)) =D
te=1
Since s is in &F?, &s=e€s, by (3.3). Furthermore, from its definition (4.9),
s?=0. Thus

exp((es) (e1%)) exp((ezs) (eau)) ™" = exp((ess) (ers — exus)).

Similarly, eu=¢eu and 4?=0, so
exp((ess) (esu)) exp((ess) (eaw))™" = exp((ess — eus)(esn)).

Furthermore, s=eA{ (a) with aEF, so, by (3.3), eis = exe;,5A] (a) for 1> 1, and
&s—e&s+eas=eaAFAf (@) =0. Similarly, since u=eAf (b)), we have eu—eu
+eau=eAFAF(0)=0. It follows that (es)(e — eu) = (€35 — &s5) (— €s1), so
that the exponentials on the right sides of the equations above are reciprocals
of each other and Aj(exp su) =1.

To complete the proof that ® gives a one-to-one correspondence, it will
clearly be sufficient to show that if S is already ©(t;) for some ¢, in F?, then
t is cohomologous to #. If S=0(4), the extension map S—7T is .D+ L(g)—D
and any inverse map ¢: T—S must be of the form

¢(D) = :D + L(u(D)),

with uEHomp(T, F?) if ¢ is to be F-linear. If ¢ is to be a Lie algebra homo-
morphism besides, then u must satisfy the condition on w in (4.6). Now the
equivalence v: S—0(¢) carries ¢(D) =2D+L(u(D)) to 2D+ LA(D)) and pre-
serves the Lie product and pth powers. Therefore N and also w=pu—N\ satisfy
(4.6); and (D + L(u(D)))? — (:D? + L(u(D?))) = (:D + LIND)))*?
— (eD*4+L(\(D?)))=g(D)®1. Lemma 4.3 then implies

#(D)? + 2 D7 (u(D)) — (D) = NM(D)? + :D*"'(\(D)) — M(D?),

so that w=pu—\ satisfies (4.7). Now we imitate the proof of [10, Proposition
2.7] to show that w is a logarithmic derivative: define 7(D) =,D+w(D). By
Lemma 4.4, r is a restricted Lie algebra homomorphism of T to the endo-
morphisms of F?, and thus verifies the hypotheses of [10, Proposition 2.3],
where F? is considered an F-space by virtue of the action of F®1. If U de-
notes the subset of F? annihilated by 7(T") then [10, Proposition 2.3] asserts
that (F®1)U=F?2 If U contained no unit, U would be contained in the
radical of the local algebra F?, contradicting (F®1) U= F2. Hence U contains
a unit # so that :Du+w(D)u=0 for every D in T. If w=wu"1, then w(D)
=,Dw/w for every D in T. Next, by (4.12),

WD/t = ap(t) = (1 ® A7)N(D)

and similarly
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ap(t) = (1 ® A})u(D).
Hence

ap(i)) = ap(t) — ap(t) = (1 ® AP)w(D) = (1 ® A#)(apw) = — ap(Aaw)

by Lemma 4.2. Thus ap(tti'Asw) =0 and ;D (#i'A.w) =0 for all D in T. This
means #iA,;wCE 1 Q F2. Write #7'Ayw= Y 1®x;®v; with x; and y;in F. Since
the product of cocycles is a cocycle, As( D1 ®x;®%;) =1 which gives

D14 ®1Qy:,=210% 8% 1.

Applying the contraction fiQf.®f;@fi—f1®f:f:®fs of F* into F? we get
2 1®%,8y:= 2. 10x:y:®1 so that

#r'dw =1 Q@ f® 1 = A1 Q@ f)
with f= > x;y; Hence
t = 4H4:((1 @ f)/w).

This completes the proof of Theorem 6.

COROLLARY. Let A bea central simple C-algebra splitby F= Clay,as, - - -, a],
a? in C. Then A is similar to A1®AQ® - - - @A where A; is a central simple
C-algebra split by Cla:] (cf. [2, Chapter VII, Theorems 28 and 25]).

Proof. The class of 4 corresponds to a cohomology class {¢}. By the proof
of Theorem 6, this class contains a cocycle ¢ of the form (4.9). Since t=Ht;
with #; a cocycle of (C[a:])?*, the desired result follows from Theorem 3.

5. Polynomial rings. The techniques of §§3, 4 can be used to prove a
theorem (Theorem 8) of Auslander-Goldman on the relation between the full
Brauer groups ®(K [x]) and ®&(K) when K is a field. We consider the mapping
K[x]—K defined by f(x)—f(0). According to the last part of §3, we then
have several induced homomorphisms for every field extension L of finite
degree over K. First, a: ®(L[x]/K [x])—®(L/K)(*"), which clearly can be
extended to a homomorphism of the full Brauer groups, a: ®(K [x])—®(K).
Next, we have algebra homomorphisms a’: L[x]*—L* which in this case
may be made explicit by identifying L{x]"=L[x]®x - - - @k L[x] with
L»[x] and sending f(x) to f(0); this induces a mapping of Amitsur complexes,
since L*[x]* — L**. Finally, we have the induced homomorphism
o'’ HX(L|x]/K[x])—H*(L/K). Now, by Theorems 2, 3, and 4, we have iso-
morphisms 8: H*(L[x]/K [x])—®(L[x]/K[x]) and B'’: H*(L/K)—®(L/K),
and the first functorial property of the 8’s (§3, after Theorem 4) amounts to
aB=p"a".

THEOREM 7. Let K be a field, L an extension field of finite degree over K (or
even a commutative semisimple K algebra), and x an indeterminate over K. If
K is perfect, or, more generally, if L is separable over K then the mapping

(1) Note that L [x ] Ok K=L.
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a: ®(L[x]/K[x])—®(L/K), given by A—>A @K, is an isomorphism. If K
1is imperfect, there is a field L of finite degree over K such that Ker a#0.

Proof. By the above discussion, it will be sufficient to prove the assertions
for the homomorphism o'’: H*(L[x]/K[x])—H?*(L/K). Now, if L is separa-
ble, L is commutative and semisimple. The units in L*[x] are just the units
of L* (this is true because L is a direct sum of fields). Hence @’ is an iso-
morphism of Amitsur complexes and &'’ is an isomorphism of homology
groups.

If K is imperfect, there exists an extension field L = K(a) with a? in K but
not in K?, We set

I=(1®a"'®1—-131Q®ae¢*Ha®1®1—-1®a®1)in L}
so that =0, and define
t = exp 0z in (L[z])**.
The same proof as that following Lemma 4.9 shows that ¢ is a cocycle. We
shall prove that ¢ is not a coboundary.

Let D be the derivation of L[x] defined by D(a)=1, D(K[x])=0, and
define ,D on (L[x])* by (4.1). Then, if ¢ is a coboundary, ¢ = & («)es(%)/ e(u)
for some uE€ L[x]2. Computing with logarlthmlc derivatives (cf. (4.12) and
its proof), we obtain

(63 —_ éz)(zD‘u/u) = 3Dt/t = (3D0)x = (63 - 62)(1 ® a”‘l)x.

Thus :Du/u differs from (1®a? 1)x by an element of Ker(e;—e€;) which, by
Lemma 4.1, is L[x]® k(1= (L ®x1)[x]. Thus

Dufu=(1Q a*Vx + ) bixs, b;in L Qg 1.

=0
Now we apply Lemma 4.4, (4.7) and the fact that D?=0 to get
2DP‘1(2Du/u) + (2Du/u)" = 0.

On substituting for Du/u, this becomes

(5.1) 3 6D B + (18 T 4+ 3 6 =

' =0 =0
If the degree of :Du/u is n> 1, then the left side of (5.1) has leading coefficient
b2 which is #0 since b, is a nonzero element of the field L®x1. Thus n=1
and (5.1) becomes

?(p—1)

(bo+2D bo)+2D b1x+( ®1+bf)xp=0.

Equating coefficients, we get b= —a?"'®1 and ;D?~'b; =0 which are contra-
dictory because D?~1(a?~!) =(p—1)!50. Thus Theorem 7 is proved.
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THEOREM 8 [5, Theorem 1.5]. The homomorphism o: ®(K [x])—>®(K) has
trivial kernel if and only if K 1is perfect.

Proof. By Tsen’s theorem (®(K(x)) =1 where K is the algebraic closure
of K) and a theorem of Auslander-Goldman (®(K[x])—®(X(x)) is a mono-
morphism [5, Theorem 7.2]), we have ®&(X[x])=1. This means that if 4 is
central separable over K [x] then 4 ® K[x] is split; thus B(K [x]) coincides
with its subgroup ®(X[x]/K[x]). By Lemma 3.16, the latter group is the
union of all ®&(L[x]/K [x]) taken over all fields L of finite degree over K. By
Theorem 7, if K is perfect, then a has trivial kernel on every ®(L[x]/K[x]),
hence also on ®(K [x]). If K is not perfect, Theorem 7 asserts that o has a
nontrivial kernel in some ®(L[x]/K [x]), hence in ®(K [x]).
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